We investigate the rotational equilibrium state of a disk accreting magnetized stars using axisymmetric magnetohydrodynamic (MHD) simulations. In this "locked" state, the spin-up torque balances the spindown torque so that the net average torque on the star is zero. We investigated two types of initial conditions, one with a relatively weak stellar magnetic field and a high coronal density, and the other with a stronger stellar field and a lower coronal density. We observed that for both initial conditions the rotation of the star is locked to the rotation of the disk. In the second case, the radial field lines carry significant angular momentum out of the star. However, this did not appreciably change the condition for locking of the rotation of the star. We find that in the equilibrium state the corotation radius r co is related to the magnetospheric radius r A as r co /r A ≈ 1.2 − 1.3 for case (1) and r co /r A ≈ 1.4 − 1.5 for case (2). We estimated periods of rotation in the equilibrium state for classical T Tauri stars, dwarf novae and X-ray millisecond pulsars.
1. introduction Disk accretion to a rotating star with a dipole magnetic field is important in a number of astrophysical objects, including T Tauri stars , X-ray pulsars , and cataclysmic variables ). An important property of this interaction is the disruption of the disk at the Alfvén radius, r A , and the "locking" of the star's angular rotation at an angular velocity, Ω eq , which is expected to be of the order of the disk rotation rate at the Alfvén radius, Ω(r A ) = (GM/r 3 A ) 1/2 . However, the exact conditions for locking and for the value of the equilibrium rotation rate Ω eq (when the star does not spin up or spin down) were not been established.
One of the complicated aspects of the diskmagnetosphere interaction is the process of angular momentum transport between the disk and the magnetized star. In the first models of the disk-magnetosphere interaction it was proposed that the magnetic field has a dipole configuration everywhere and that the net change between spin-up torque which arises from the magnetic connection of the star to the disk within the corotation radius r co and the spin-down torque which arises from the connection beyond the corotation radius determines the spin evolution of the star . The corotation radius is the radius where the disk rotates at the same speed as a star, r co = (GM/Ω 2 * ) 1/3 . It was suggested that for a particular value of the star's rotation rate, Ω eq , the positive spin-up torque balances the negative spin-down torque and the star is in the rotational equilibrium state .
Recent studies of the evolution of the magnetic field threading the disk and the star led to understanding that the field tends to be inflated and possibly opened due to the difference in the angular velocities of the foot-points (Lovelace, Romanova & Bisnovatyi-Kogan 1995 -hereafter LRBK; ; . In this case a star may lose some angular momentum through the open field lines and the equilibrium state will be determined by the balance between processes of spin-up/spin-down associated with the diskmagnetosphere interaction, and spin-down associated with the open field lines.
In some models it was suggested that the angular momentum transport between the star and the disk may be much less efficient if the field lines are opened as proposed by LRBK. Under such conditions the rotational equilibrium state will be quite different (e.g., . The goal of this paper is to derive the conditions for the rotational equilibrium state using axisymmetric MHD simulations of the disk-magnetosphere interaction.
The properties of the rotational equilibrium state depend on the configuration of the magnetic field threading the star and the disk. Consequently, analysis of this problem requires two or three dimensional simulations. Axisymmetric simulations have shown that the field lines do open . However, longer runs have shown that the innermost field lines reconnect to form a closed magnetosphere, and some of them open and close again in a recurrent manner Romanova et al. 2002, hereafter RUKL; . Detailed simulations of the slow, viscous disk accretion to a rotating star with an aligned dipole field (RUKL) have shown that on long time-scales, the magnetic field lines in the vicinity of the Alfvén radius r A are closed or only partially open, and these lines are important for the angular momentum transport between the star and the disk. The balance between the magnetic flux in closed and open field lines is clearly important for determining the rotational equilibrium state.
In RUKL, a preliminary search for the conditions of torqueless accretion was performed and the torqueless accretion was shown to exist. In this paper, we give a detailed study of the conditions for torqueless accretion using an improved axisymmetric MHD code which makes possible longer simulation runs compared to RUKL. The main question is: What is the angular rotation rate of a star Ω eq for the torqueless accretion given the star's mass M , magnetic moment µ, and accretion rateṀ . Equivalently, if we know the Alfvén radius r A , then what is the corotation radius r co in the rotational equilibrium state? In earlier theoretical models, it was estimated that the critical fastness parameter ω s = Ω * /Ω K (r A ) = (r A /r co )
3/2
of the equilibrium state is in the range of 0.47 − 0.95 . This corresponds to the ratio r co /r A ∼ 1.1 − 1.7.
In this paper we determine the value of r co /r A for torqueless accretion numerically by performing a large set of numerical simulations for different values of Ω * , µ,Ṁ , and disk/corona parameters. We also investigated the matter flow and the angular momentum transport in the equilibrium state. In §2, the numerical model is described. We focus on conditions where the torqueless accretion occurs and study its dependence on different physical parameters for different cases in §3 and 4. In §5, we apply our results to relevant objects, such as CTTSs, cataclysmic variables, and X-ray millisecond pulsars. We discuss results in Section 6. -Sketch of disk accretion to a star with an aligned dipole magnetic field, where r A is the Alfvén radius, rco is corotation radius, r Ψ is the deviation radius where a significant deviation from Keplerian rotation occurs for r < r Ψ due to the magnetic force on the disk. The dashed line divides the rapidly rotating region and the slowly rotating region. FF denotes the funnel flow.
Theoretical aspects of the disk-magnetoshpere interaction were developed in the 1970s (e.g. GL79) . As sketched in Figure 1 , the initial Keplerian accretion disk is threaded by the star's magnetic field. The inner radius of the disk, referred to as the Alfvén radius r A , occurs at the radial distance where the energy-density of matter in the disk equals to magnetic energy-density, or where the paramter β = ρv 2 /(B 2 /8π) = 1. (e.g., Lamb, Pethick & Pines 1973; . We observed from many simulations that the inner radius of the disk coincides with this radius. The Alfvén radius is usually derived analytically using a number of approximations. For a dipole magnetic field of the star, µ≡B * R 3 * = Br 3 ,
Here, G is the gravitational constant,Ṁ is the mass accretion rate, M is the mass of the star, r
A is the Alfvén radius for the spherical accretion . The coefficient k A accounts for the fact that the disk accretion is different from spherical accretion. Using values of the different parameters obtained from our simulations we obtained r A and then compared it with r A . From this we obtained k A ≈ 0.5.
In a somewhat different approach, suggested that the disk stops or disrupts at the radius r 0 where the magnetic and matter stresses are equal,
, where the 0−subscripts indicate evaluation at r = r 0 , B φ and B z are the components of the magnetic field, Ω is the angular velocity of the disk. We took values of parameters from our simulations and derived the radius the radius r 0 . We observed that this radius approximately coincides with r A .
Whether a star spins up or spins down is due to angular momentum flow to or out of the star transported by the matter flow and the magnetic field. Some field lines of the star thread the disk and transport angular momentum between the disk and the star (e.g., GL79). Other field lines are inflated and become open, that is, not connected to the disk. These open field lines may transport angular momentum away from the star to the corona without direct interaction with the disk . We observed that both closed and open field lines contribute to the angular momentum transport to the star.
For the case where the poloidal field lines connect the star and the disk, the field lines passing through the disk within the corotation radius r co spin up the star, while the field lines passing through the disk at large distances spin it down (GL79). The dashed vertical line in Figure  1 at r co divides the regions which provide positive and negative torques. There is also a region r r Ψ where the magnetic interaction modifies the Keplerian rotation of the disk, and where the angular momentum transport between the star and the disk is important (GL79, RUKL). If some of the magnetic field lines are open, then angular momentum may be also transported outward from the disk and from the star through twisting of open magnetic field lines. Thus part of the angular momentum flux may be transported by the matter flow, part by the open field lines, and part by closed field lines connecting the star and the disk.
Main Equations
The disk-magnetoshpere interaction is considered to be described by the MHD equations, ∂ρ ∂t
Here, S = p/ρ γ is the entropy per gram, g is the gravitational acceleration, F vis is the viscous force. The viscosity model of is used with viscosity coefficient ν = αc 2 s /Ω K , where c s = (γp/ρ) 1/2 is the sound speed, and parameter α is dimensionless with values α ∼ 0.01 − 0.03 considered here.
Equations 2-6 were solved with a Godunov-type numerical code developed by (see also . We used an axisymmetric spherical coordinates with a grid N r × N θ = 131 × 51. Test simulations with larger or smaller grids were also performed.
Reference Units
We let R 0 denote a reference distance scale, which is equal to R * /0.35 where R * is the radius of the star. The subscript "0" denotes reference values for units. We take the reference value for the velocity, v 0 = (GM/R 0 ) 1/2 , the angular speed Ω 0 = v 0 /R 0 , the timescale P 0 = 2πR 0 /v 0 , the magnetic field B 0 = B * (R * /R 0 ) 3 , the magnetic moment µ 0 = B 0 R 
In the following we use these dimensionless units but the tildes are implicit.
Boundary and Initial Conditions
Boundary conditions: At the inner boundary R = R * , "free" boundary conditions are applied for the density, pressure, entropy, velocity, and φ−component of the magnetic field, ∂ρ/∂R = 0, ∂p/∂R = 0, ∂S/∂R = 0, ∂(v − Ω × R) R /∂R = 0, ∂(RB φ )/∂R = 0. The poloidal components B R and B θ are derived from the magnetic flux function Ψ(R, θ), where Ψ at the boundary is derived from the frozen-in condition ∂Ψ/∂t + v p · ∇Ψ = 0. At the outer boundary, free boundary conditions are taken for all variables. The outer boundary was placed far away from the star in order to diminish the possible influence of this boundary .
Initial conditions: The star has a fixed aligned dipole magnetic field with magnetic moment µ. The initial accretion disk extends inward to an inner radius r d , and it has a temperature T d which is much less than the temperature of the corona T c . The initial disk and corona are in pressure balance. The corona above the disk rotates with the angular velocity of the disk in order to avoid a rapid initial shearing of the magnetic field. The initial density distributions in the disk and corona are constrained by the condition that there is a balance of pressure gradient, gravitational and centrifuge forces. This balance is necessary in order to have smooth accretion flow which evolves on the viscous time scale of the disk (see details in RUKL). To avoid a very strong initial interaction of the disk with the magnetic field, we take the initial inner radius of the disk at r d = 6 or r d = 5, far away from the star.
In order to investigate the rotational equilibrium states, we performed simulations with two types of initial conditions, type I and type II. For type I initial conditions we have a magnetic field which is relatively weak, µ = 2, the disk is relatively thick with fiducial density ρ d = 1, and relatively high coronal density, ρ cor = 0.005. The initial inner disk radius is r d = 6. The outer radius of simulation domain corresponds to 18R 0 , that is, about 54R * . Results for this case are described in §3. For type II initial conditions the star's magnetic field is much stronger, µ = 10, the coronal density is much lower ρ cor = 0.001, the disk is thinner, and the initial inner disk radius is r d = 5. The outer radius of simulation domain corresponds to 68R 0 , that is, about 136R * .These initial conditions, which are more favorable for inflation and opening of the coronal field lines, are described in §4.
3. the equilibrium state of disk accretion for initial conditions of type i
Search for Rotational Equilibrium State
Whether the star spins up or spins down is determined by the net flux of angular momentum to the surface of the star,L. This flux is composed of two parts, the flux carried by the matterL m , and that carried by the magnetic field,L f :L
where the p−subscript denotes the poloidal component, and dS is the outward pointing surface area element of the star. We performed a set of simulations for different angular velocities of the star, Ω * , to find the critical value of Ω * , corresponding to the rotational equilibrium state, that is, the state whenL ≈ 0. Other parameters (Ṁ , µ) were fixed. We observed thatL f is always dominant overL m for all cases (as in RUKL) and thus we comparedL f for these cases. This was predicted in earlier theoretical research (e.g., GL79). We narrowed the set of Ω * values so thatL B was very small on average (see Figure 2a ). Among these we picked the one for whichL f ≈ 0 that corresponds to the rotational equilibrium state, Ω * = Ω eq . For this case, the corotation radius (r co ) eq ≈ 1.7.
In addition, we calculated matter flux to the star, Figure 2b shows the mentioned fluxes in the rotational equilibrium state. Note that this state is typically reached at T > 50 because initially the disk is far from the magnetosphere and it takes time for the disk to move inward. One can see that the angular momentum flux carried by the fieldL f fluctuates around zero. 
Disk-Magnetosphere Interaction in Equilibrium State
We now discuss in more detail the rotational equilibrium state where r co = 1.7. Figure 3a shows the evolution of matter and the magnetic flux with time. One can see that initially the disk matter moves inward, then it stops near magnetosphere and goes to the star through a funnel flow which is driven up by pressure gradient force (RUKL; . The funnel flow is quasistationary after a time T ∼ 50. The bold red line divides the regions where magnetic and matter energy densities dominate, that is, the line where β = 1 (see §2). The corresponding Alfvén radius is r A ≈ 1.2 − 1.3. We also estimated the radius r 0 derived from the equality of magnetic and matter stresses. We observed that this radius is close to r A , r 0 ≈ 1.3 − 1.4. Figure 3a shows that the magnetic field for r > r A is strongly non-dipolar, and the structure of the field is complicated. The magnetic field lines initially inflate for T < 30; however, later some of them reconnect forming closed field lines and thus enhancing the dipole component in the closed magnetosphere. Other field lines, which are near the axis stay open and represent the lines of "magnetic tower", which is often observed in different simulations of the disk-magnetosphere interaction (e.g., ). Many field lines are radially stretched by the accreting matter. These field lines are located in the disk and above the disk. Most of these field lines are connected to the star. The field lines above the closed magnetosphere continue to open and reconnect in quasi-periodic manner. In case of the lower density corona (see §4), inflation is more efficient, and this leads to larger quasi-periodic oscillations of the magnetic flux and associated fluxes.
We analyzed the angular momentum transport between the star and the disk and corona. Figure 3b shows the distribution of the angular momentum fluxes carried by the field f B = rB φ B p /4π (left panel) and carried by the matter f m = −ρrv φ v p (right panel). One can see that for r > r A , most of the angular momentum flux is carried by the matter (see the region with the high positive angular momentum at the right panel). However, for r r A it is mainly transported by the magnetic field (see left panel of Figure 3b ). The streamlines in the Figure 3b show direction of the flow of angular momentum. One can see that matter always carries positive angular momentum towards the star, which tends to spin up the star. Magnetic field lines carry angular momentum out of the star through the field lines threading the area of the funnel flow and corona. The situation with the angular momentum transport seems to be more complicated compared to one described by GL79.
The angular momentum fluxes change with distance and with angle. We calculated the angular distribution of fluxes F B (r, θ) = 2πr 2 sin θf B ·r and F m (r, θ) = 2πr 2 sin θf m ·r through the spheres of different radii r. Figure 4 shows that at a large radius, r = 1.8, matter carries most of the angular momentum, while the magnetic field also contributes but with the opposite sign. At smaller radii, the fluxes become smaller and the largest flux is in the region of the funnel flow. At the surface of the star, the flux associated with matter is very small. The flux associated with the field has two components of the opposite sign which cancel each other approximately.
The distribution of angular momentum flux is more complicated compared to that of theoretical models. However, the equilibrium state does exist and the ratio r co /r A is not very much larger than unity. This means that the rotation of the star is efficiently locked to the rotation of the inner regions of the disk.
One can see from Figure 3a , that a significant part of the disk is disturbed by the disk-magnetosphere interaction. Figure 5 shows the distribution of the angular velocity of the disk in the equatorial plane. We observed that the angular velocity varies around the Keplerian value and is usually slightly smaller then Keplerian. The magnetic field is strongly wound up in the disk so that the azimuthal field dominates. The inner regions of the disk r r Ψ ∼ 4 are appreciably influenced by the magnetic field.
3.3. Dependence on µ and α Next, we took a star in the rotational equilibrium state (r co = 1.7) and varied the magnetic moment of the star µ. Figure 6a shows that when µ increases, the rate of change of angular momentum of the star becomes more negative, that is a star spins-down. This is connected with the fact that for larger µ, the magnetosphere is larger and the flux of the positive angular momentum to the star is smaller than in the equilibrium state. For example, for µ = 4, the inner disk radius is at r A ≈ 1.6. At this in- L f ∼ −0.02µ + 0.04. The balance between spin-up and spin-down torques is similar to that suggest by the GL79 model, where positive and negative torques are associated with regions within and beyond the corotation radius. We also observed different regions contributing positive and negative angular momentum fluxes. However now the distribution of the external to the Alfvén surface field lines is more complicated.
We calculated the average value of r A for each µ and obtained the dependence r A ∼ µ κ , with κ = 0.36. This coefficient κ is somewhat different from that of equation (1) where k = 4/7 ≈ 0.57. The difference may be connected with the fact that in the theoretical analysis the magnetic field is assumed to be a pure dipole field everywhere, whereas the simulations show that the actual field is different from a dipole for r r A . In this and all above simulations, the viscosity coefficient was fixed at the value α = 0.02.
We also performed simulation runs for different values of the disk viscosity, α = 0, 0.01, 0.02, and 0.03, with other parameters fixed. We observed that for larger α the accretion rate is larger, and the Alfvén radius r A is smaller. Thus, the region of positive torque becomes larger than the region of negative torque, andL f is larger. In other words, at a higher accretion rateṀ , incoming matter brings more of positive angular momentum, which is transferred to larger angular momentum flux carried by the fieldL f . The angular momentum flux increases with α (see Figure 6b ) as aboutL f ∼ α 1.9 for α ≥ 0.01. . Here we consider another case corresponding to quite different initial conditions referred to as type II. This case has a stronger magnetic field, µ = 10, and a much lower coronal density, ρ cor = 0.001. The density in the corona influences the evolution of the magnetic field in the corona, namely, the inflation and opening of the magnetic field through the magnetic field. In addition, we took a different structure of the disk, which is thinner and located initially at r d = 5, which is closer to the star for such a strong field. We were able to model the stronger magnetic field because we increased the radius of the star (the inner boundary) to R * = 0.5 (versus R * = 0.35 in other simulation runs). In addition, we were able to use a grid N R × N θ = 91 × 31 which speeded up the simulations and allowed longer runs, up to 1000 P 0 .
For this case, we also performed a set of simulations for different corotation radii and found the state which gives torqueless accretion,L ≈ 0. We found that this state corresponds to a corotation radius r co ≈ 4.6. Figure 7 shows the evolution of the fluxes in this case. The angular momentum flux associated with the matter is very small as in our main case. The flux due to the magnetic field,L f , varies more strongly than in the main case. This is because the coronal density is lower so that variations of the magnetic field in the corona are larger. In addition, the accretion rateṀ is several times larger than that for our main case, because the disk is different compared to the main case.
We analyzed the rotational equilibrium state in detail. Figure 8a shows the evolution of the disk and magnetic field in the inner part of the simulation region. We observed that the accretion disk stopped at much larger distances, r A ≈ 3.1, compared to our main case (r A ∼ 1.2 − 1.3) because of much stronger magnetic field. This radius again coincides with the β = 1 line (see the bold red line on figure 8a). We also estimated the radius r 0 derived from comparison of magnetic and matter torques. Again, we obtained similar but a somewhat larger radius, r 0 ≈ 3.2. We observed that in type II case, the ratio r co /r A ∼ 1.4 − 1.5. This number is slightly larger than that in the main case (r co /r A ∼ 1.3 − 1.4) which may be connected with contribution of the inflated field lines to the negative torque. Figure 8b shows the angular momentum fluxes carried by the field F B (r, θ) and by the matter F m (r, θ) . One can see that the disk matter brings positive spin-up torque (right panel), while magnetic field carries both negative and positive torques (left panel). In this case a significant part of the spin-down flux is carried by the inflated and radially stretched field lines. This is different from the type I initial conditions case. Figure 9 shows angular distribution of fluxes F B (r, θ) and F m (r, θ) along the spheres of different radii r from r = 0.5 to r = 4.5. One can see, that at large distances, r = 4.5, there is a large positive angular momentum flux carried by the matter of the disk, and there is a large negative angular momentum flux carried by the radially stretched field lines located above the disk and in the disk. Field lines above the disk are inflated field lines which connect to the disk at large radii r > 20. They carry both, positive matter flux, and negative spin-down flux. In this region the density is smaller than in the disk, however, the field lines are strongly wound and azimuthal velocity is large, this is why both fluxes associated with matter and the field are large in this region. The plot at r = 3.75 shows relative input from different sets of field lines. It shows that in the region of the closed field lines (region I) matter carries positive torque while field lines carry only small negative torque. Most of both torque is carried by the radially stretched field lines (region II), while the role of vertically inflated field lines of "magnetic tower" (region III) is very small. At even smaller radii, r = 3, 2, 1 and 0.5, both torques become smaller, like in type I case.
equilibrium state in applications to different stars
The rotational equilibrium state is expected to be the most probable state for different disk accreting magnetized stars. These include Classical T Tauri Stars, cataclysimic variables, and X-ray pulsars. For example, the slowly rotating CTTSs have spin rates as low as ∼ 10% of breakup speed . The fact that CTTSs rotate slowly strongly suggests that they are in rotational equilibrium state.
Below we estimate periods of rotation for different weakly magnetized stars. Our simulations were performed for cases r A /R * = 4 − 6 and can be applied to systems with different scales in which this ratio is satisfied. Observations show that in CTTS this ratio is in the range r A /R * = 4−8 , or, r A /R * = 3 − 10 ( . Similar or smaller magnetospheres are expected in accreting millisecond pulsars (van der Klis 2000) and dwarf novae cataclysmic variables ).
For our example we take r A /R * = 4, take obtained from simulation ratio r co = 1.4r A and derive the angular velocity for rotational equilibrium, Ω eq :
which is about ∼ 10% of breakup speed of the star. Here, Ω * K is the Keplerian angular speed at R * . The value of Ω eq /Ω * K we find is close to the one observed in CTTSs.
Classical T Tauri Stars (CTTSs)
The angular velocity of the star can be written as Ω * = (GM /r 3 co ) 1/2 . Combining this with the rotational equilibrium condition r co /r A ∼ 1.3 − 1.5 (an average 1.4 was taken here) and using Eqn. 1 for the Alfvén radius, we can get the critical value of angular velocity Ω eq or rotation period P eq = 2π/Ω eq . For the CTTS we obtain the equilibrium rotation period,
, (12) where B is the surface magnetic field of the star. Our result is in the range of an observational bimodal distribution of rotation at period with peaks near 3 and 8 days (Attridge & Herbst 1992). proposed that the distribution near 8 days may be caused by the disk locking. We should note that both peaks may be connected with the disk locking, but at different parameters, say,Ṁ and B.
Cataclysmic Variables
We next consider dwarf novae which belong to a subtype of the cataclysmic variables where the magnetic field is expected to be small but still possibly dynamically important for the accretion. The accretion disks are stopped at small radii by the white dwarf magnetosphere. The accreting material then leaves the disk and follows the magnetic field lines down to the star's surface in the vicinity of the magnetic poles. Taking typical values for the white dwarf and accretion disk, we obtain the period of these stars in rotational equilibrium state,
The observed periods of Dwarf Novae Oscillations (DNOs) are in the range of 7 − 70 s .
Millisecond Pulsars
Our simulations are also applicable to millisecond X-ray pulsars, which are the accreting low-magnetic-field neutron stars (van der Klis, 2000) . The period of such a star in the rotational equilibrium is
. (14) For all accretion-powered millisecond X-ray pulsars we have known, the spin frequencies range from 185Hz to 435Hz , or, the spin rate is in range of 2.3-5.2 ms. These values may be obtained from Eqn.14 at smallereṀ or larger B.
6. discussion We investigated the conditions for the rotational equilibrium or"torqueless" accretion state using axisymmetric MHD simulations. In such a state the total angular momentum flux to the star is approximately zero. We found the equilibrium states by gradually changing the angular velocity of the star with the other parameters fixed. We considered two main cases: One with relatively low magnetic field and dense corona and second with much stronger field and lower density corona. We observed that in both cases the rotation of the star is approximately locked to the rotation of the inner radius of the disk such that a star rotates somewhat slower than the inner radius of the disk. In the first case the ratio between corotation radius of the star and the Alfvén radius r A (where the disk is disrupted) is r co /r A ∼ 1.3 − 1.4. In the second case, where stronger inflation of the magnetic field was observed, this ratio is only slightly larger, r co /r A ∼ 1.4 − 1.5. We observed that in the first case, the angular momentum transport is associated with the closed field lines at the inner radii of the disk. Open field lines spin down the star, but the role of this spin-down is small. In the second case outflow of angular momentum along the inflated field lines is more significant than in the first case, however this did not change the result, which probably means that the angular momentum transport associated with the inner regions of the disk and the region of the funnel flow is more significant. Thus, in both cases the magnetic interaction effectively locks the rotation rate of the star to a value which depends mainly on the mass accretion rate and the star's magnetic moment. We should note that most of coronal region is still matter dominated. This is connected with the fact that the magnetic energy-density of the dipole decreases with distance as ∼ R −6 so that it is difficult to set up a magnetically dominated corona. ) were able to model such a corona by arranging fast fall-off of coronal density with the distance. However, their initial conditions are sufficiently far from equilibrium that the torqueless accretion was not established. Future simulations with even lower coronal densities will help to understand whether a star is always locked to the rotation rate of the inner radius of the disk. Our simulations for two very different initial conditions have shown very similar results for the rotational equilibrium which may be a sign that the disk-locking may be a similar for all slowly rotating stars.
We applied our simulation results to Classical T Tauri stars, where disk locking may explain their slow rotation. Also, we estimated the probable periods of rotation of other accretion powered systems, such as dwarf novae and X-ray millisecond pulsars.
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Recent studies of the evolution of the magnetic field threading the disk and the star led to understanding that the field tends to be inflated and possibly opened due to the difference in the angular velocities of the foot-points In some models it was suggested that the angular momentum transport between the star and the disk may be much less efficient if the field lines are opened as proposed by LRBK. Under such conditions the rotational equilibrium state will be quite different (e.g., . The goal of this paper is to derive the conditions for the rotational equilibrium state using axisymmetric MHD simulations of the disk-magnetosphere interaction.
The properties of the rotational equilibrium state depend on the configuration of the magnetic field threading the star and the disk. Consequently, analysis of this problem requires two or three dimensional simulations. Axisymmetric simulations have shown that the field lines do open . In RUKL, a preliminary search for the conditions of torqueless accretion was performed and the torqueless accretion was shown to exist. In this paper, we give a detailed study of the conditions for torqueless accretion using an improved axisymmetric MHD code which makes possible longer simulation runs compared to RUKL. The main question is: What is the angular rotation rate of a star Ω eq for the torqueless accretion given the star's mass M , magnetic moment µ, and accretion rateṀ . Equivalently, if we know the Alfvén radius r A , then what is the corotation radius r co in the rotational equilibrium state? In earlier theoretical models, it was estimated that the critical fastness parameter
of the equilibrium state is in the range of 0.47 − 0.95 . This corresponds to the ratio r co /r A ∼ 1.1 − 1.7. In this paper we determine the value of r co /r A for torqueless accretion numerically by performing a large set of numerical simulations for different values of Ω * , µ,Ṁ , and disk/corona parameters. We also investigated the matter flow and the angular momentum transport in the equilibrium state. In §2, the numerical model is described. We focus on conditions where the torqueless accretion occurs and study its dependence on different physical parameters for different cases in §3 and 4. In §5, we apply our results to relevant objects, such as CTTSs, cataclysmic variables, and X-ray millisecond pulsars. We discuss results in Section 6. -Sketch of disk accretion to a star with an aligned dipole magnetic field, where r A is the Alfvén radius, rco is corotation radius, r Ψ is the deviation radius where a significant deviation from Keplerian rotation occurs for r < r Ψ due to the magnetic force on the disk. The dashed line divides the rapidly rotating region and the slowly rotating region. FF denotes the funnel flow.
Theoretical aspects of the disk-magnetoshpere interaction were developed in the 1970s (e.g. GL79) . As sketched in Figure 1 , the initial Keplerian accretion disk is threaded by the star's magnetic field. The inner radius of the disk, referred to as the Alfvén radius r A , occurs at the radial distance where the energy-density of matter in the disk equals to magnetic energy-density, or where the paramter β = ρv 2 /(B 2 /8π) = 1. (e.g., Lamb, Pethick & Pines 1973; ). We observed from many simulations that the inner radius of the disk coincides with this radius. The Alfvén radius is usually derived analytically using a number of approximations. For a dipole magnetic field of the star, µ≡B * R 3 * = Br 3 ,
A is the Alfvén radius for the spherical accretion . The coefficient k A accounts for the fact that the disk accretion is different from spherical accretion. Using values of the different parameters obtained from our simulations we obtained r (0) A and then compared it with r A . From this we obtained k A ≈ 0.5.
Whether a star spins up or spins down is due to angular momentum flow to or out of the star transported by the matter flow and the magnetic field. Some field lines of the star thread the disk and transport angular momentum between the disk and the star (e.g., GL79). For the case where the poloidal field lines connect the star and the disk, the field lines passing through the disk within the corotation radius r co spin up the star, while the field lines passing through the disk at large distances spin it down (GL79). The dashed vertical line in Figure  1 at r co divides the regions which provide positive and negative torques. There is also a region r r Ψ where the magnetic interaction modifies the Keplerian rotation of the disk, and where the angular momentum transport between the star and the disk is important (GL79, RUKL). If some of the magnetic field lines are open, then angular momentum may be also transported outward from the disk and from the star through twisting of open magnetic field lines. Thus part of the angular momentum flux may be transported by the matter flow, part by the open field lines, and part by closed field lines connecting the star and the disk.
Main Equations
Reference Units
Boundary and Initial Conditions
Search for Rotational Equilibrium State
In addition, we calculated matter flux to the star, Figure 2b shows the mentioned fluxes in the rotational equilibrium state. Note that this state is typically reached at T > 50 because initially the disk is far from the magnetosphere and it takes time for the disk to move inward. One can see that the angular momentum flux carried by the fieldL f fluctuates around zero. -(a) The evolution ofL f for different corotation radii from rco = 1.5 (bottom line) to rco = 2.1 (top line); (b) The evolution ofṀ and the angular momentum fluxes carried by matterLm and the magnetic fieldL f in rotational equilibrium state, rco ≈ 1.7. Time scale is P 0 (see §2.2).
Disk-Magnetosphere Interaction in Equilibrium State
We also performed simulation runs for different values of the disk viscosity, α = 0, 0.01, 0.02, and 0.03, with other parameters fixed. We observed that for larger α the accretion rate is larger, and the Alfvén radius r A is smaller. Thus, the region of positive torque becomes larger than the region of negative torque, andL f is larger. In other words, at a higher accretion rateṀ , incoming matter brings more of positive angular momentum, which is transferred to larger angular momentum flux carried by the fieldL f . The angular momentum flux increases with α (see Figure 6b) as aboutL f ∼ α 1.9 for α ≥ 0.01. . Here we consider another case corresponding to quite different initial conditions referred to as type II. This case has a stronger magnetic field, µ = 10, and a much lower coronal density, ρ cor = 0.001. The density in the corona influences the evolution of the magnetic field in the corona, namely, the inflation and opening of the magnetic field through the magnetic field. In addition, we took a different structure of the disk, which is thinner and located initially at r d = 5, which is closer to the star for such a strong field. We were able to model the stronger magnetic field because we increased the radius of the star (the inner boundary) to R * = 0.5 (versus R * = 0.35 in other simulation runs). In addition, we were able to use a grid N R × N θ = 91 × 31 which speeded up the simulations and allowed longer runs, up to 1000 P 0 .
equilibrium state in applications to different stars
For our example we take r A /R * = 4, take obtained from simulation ratio r co = 1.4r A and derive the angular velocity for rotational equilibrium, Ω eq : Ω eq Ω * K = R * r co 3/2 ≈ 0.09 ,
Classical T Tauri Stars (CTTSs)
The angular velocity of the star can be written as Ω * = (GM /r 3 co ) 1/2 . Combining this with the rotational equilibrium condition r co /r A ∼ 1.3 − 1.5 (an average 1.4 was taken here) and using Eqn. 1 for the Alfvén radius, we can get the critical value of angular velocity Ω eq or rotation period P eq = 2π/Ω eq . For the CTTS we obtain the equilibrium rotation period, , (12) where B is the surface magnetic field of the star. Our result is in the range of an observational bimodal distribution of rotation at period with peaks near 3 and 8 days . proposed that the distribution near 8 days may be caused by the disk locking. We should note that both peaks may be connected with the disk locking, but at different parameters, say,Ṁ and B.
Cataclysmic Variables
We next consider dwarf novae which belong to a subtype of the cataclysmic variables where the magnetic field is expected to be small but still possibly dynamically important for the accretion. The accretion disks are stopped at small radii by the white dwarf magnetosphere. The accreting material then leaves the disk and follows the magnetic field lines down to the star's surface in the vicinity of the magnetic poles. Taking typical values for the white dwarf and accretion disk, we obtain the period of these stars in rotational equilibrium state, 
Millisecond Pulsars
Our simulations are also applicable to millisecond X-ray pulsars, which are the accreting low-magnetic-field neutron stars (van der Klis, 2000) . The period of such a star in the rotational equilibrium is . (14) For all accretion-powered millisecond X-ray pulsars we have known, the spin frequencies range from 185Hz to 435Hz , or, the spin rate is in range of 2.3-5.2 ms. These values may be obtained from Eqn.14 at smallereṀ or larger B.
